A variety is said to be a Rees-Sushkevich variety if it is contained in a periodic variety generated by 0-simple semigroups. Recently, all combinatorial Rees-Sushkevich varieties have been shown to be finitely based. The present paper continues the investigation of these varieties by describing those that are Cross, finitely generated, or small. It is shown that within the lattice of combinatorial Rees-Sushkevich varieties, the set F of finitely generated varieties constitutes an incomplete sublattice and the set S of small varieties constitutes a strict incomplete sublattice of F. Consequently, a combinatorial ReesSushkevich variety is small if and only if it is Cross. An algorithm is also presented that decides if an arbitrarily given finite set of identities defines, within the largest combinatorial Rees-Sushkevich variety, a subvariety that is finitely generated or small. This algorithm has complexity O(nk) where n is the number of identities in and k is the length of the longest word in .
1.Introduction
Recall that a semigroup is 0-simple if it does not contain any nontrivial proper ideals. The class of 0-simple semigroups was one of the first classes of semigroups to be studied,inthepioneeringworkofRees [20] andSushkevich [23] ,andremainsoneof the most important and interesting classes of semigroups. Following Kublanovsky [6, 7] ,anysubvarietyofaperiodicvarietygeneratedby0-simplesemigroupsis referred to as a Rees-Sushkevich variety. One of the most important results concerning Rees-Sushkevichvarieties,duetoMashevitzky [18] andHalletal. [5] ,isthatfor each integer n ≥ 1, the variety generated by all 0-simple semigroups over groups of exponent dividing n is finitely based. This positive result, however, does not apply to every Rees-Sushkevich variety as nonfinitely based examples exist in abundance (see, forexample, [2, 13, 15, 17, 19] ).
A variety of semigroups is combinatorial if all groups in it are trivial. It follows fromresultsofHalletal. [5] andTrahtman [25] 2 , x yx yx ≈ x yx, x yx zx ≈ x zx yx.
The study of combinatorial Rees-Sushkevich varieties is thus precisely the study of subvarieties of A 2 . These varieties have recently been investigated by Reilly, Volkov, andtheauthor(see,forexample, [10, 11, 14, 21, 28] ).Unlikethegeneralcasein which many Rees-Sushkevich varieties containing nontrivial groups are nonfinitely based, all subvarieties of A 2 arefinitelybased [11] .ThelatticeL(A 2 )ofsubvarieties of A 2 , on the other hand, has a rather complicated structure, for it follows from a result ofVernikovandVolkov [26] thateveryfinitelatticeisembeddableinit.
Recall that a variety is small if it contains finitely many subvarieties. The present paperisacontinuationof [11, 14] inthestudyofsubvarietiesofA 2 with the objective of investigating those that are finitely generated or small.
THEOREMA. (i)
Every small subvariety of A 2 is finitely generated but not vice versa.
(ii) The finitely generated subvarieties of A 2 constitute an incomplete sublattice of L(A 2 ). (iii) The small subvarieties of A 2 constitute an incomplete sublattice of L(A 2 ).
Since all subvarieties of A 2 arefinitelybased [11] ,anysubvarietyofA 2 isdefined within A 2 by some finite set of identities. Therefore, it is reasonable to ask whether or not it is decidable if an arbitrarily given finite set of identities defines a subvariety of A 2 that is finitely generated or small. It turns out that this question has an affirmative answer.
THEOREMB.Supposethat isanyfinitesetofnidentitiesformedbywordsoflength at most k. Then there exists an algorithm with complexity O(nk) that decides if the subvariety of A 2 defined by is finitely generated or small.
In the next section, a partition of the proper subvarieties of A 2 into five pairwise disjoint intervals is given. Each of these intervals is then individually investigated withtheaimofestablishingTheoremsAandB.Furtherdetailsontheorganizationof thispaperaregivenafterLemma2.3. REMARK1.Itfollowsfrom [12] thatTheoremA(ii)alsoholdsforRees-Sushkevich varieties of central simple semigroups, that is, the set of finitely generated varieties ofcentralsimplesemigroupsconstitutesanincompletelattice.However,TheoremA does not hold for varieties of semigroups in general since there exists a small variety thatisnonfinitelygenerated(see [22] ),themeetoftwofinitelygeneratedvarieties neednotbefinitelygenerated(Corollary3.4(ii)),andthejoinoftwosmallvarieties neednotbesmall [22] . REMARK2.RecallthatavarietyisCrossifitisfinitelybased,finitelygenerated,and small. Since all subvarieties of A 2 arefinitelybased [11] ,itfollowsfromTheoremA(i) that a subvariety of A 2 is small if and only if it is Cross. Consequently, any result on small subvarieties of A 2 is also a result on Cross subvarieties of A 2 .
2.Preliminaries
In this paper, let X be a countably infinite alphabet. Elements of X are referred to as letters and elements of the free monoid over X are referred to as words. The content of a word w, denoted by C(w), is the set of letters occurring in w.
An identity is typically written as u ≈ v where u and v are words. Let be any set of identities. The variety defined by is the class of all semigroups that satisfy all identities in . If V is a variety, then the subvariety of V defined by is denoted byV ,andthelatticeofsubvarietiesofVisdenotedbyL(V).Referto [3, 27] for other undefined notation and terminology in this paper.
The semigroup A 2 and the combinatorial Brandt semigroup LEMMA2.1.[11,Proposition2.5andLemma2.6] (i) For any variety V in {A 2 , B 2 , A 0 , B 0 }, the subvariety V of A 2 that is largest with respect to not containing V exists and is finitely based. More specifically,
Note that the variety A 2 is the unique maximal subvariety of A 2 since it contains every proper subvariety of A 2 .
LEMMA2.2. (i)
The varieties B 0 and B 2 satisfy the identities
where k, m, n ∈ {0, 1}. 
Section3presentsanequivalentconditiononaset ofidentitiesforwhichthe variety B 0 intheintervalI 5 isfinitelygeneratedorsmall.Section4introducessome identitiesandvarietiesthatarenecessaryinSection5forthecompletedescriptionsof the intervals I 1 , I 2 , I 3 , I 4 , and
Section6addressesthewordproblemsofthreesubvarietiesofA 2 that are crucial to thealgorithminTheoremBandthedeterminationofitscomplexity.Basedonresults fromSections3-6,themainresultsstatedintheIntroductionareprovedinSection7.
3.TheintervalI 5
A letter x is simple in a word w if x occurs exactly once in w. A nonempty wordissimpleifeachofitslettersissimpleinit.Apermutationidentityisan identity u ≈ v where u and v are distinct simple words with C(u) = C(v). A nontrivial nonpermutation identity u ≈ v where either u or v is simple is said to be diverse.
LEMMA3.1. (i)
Suppose that some diverse identity is a consequence of some set of nontrivial identities. Then itself contains some diverse identity. (ii) An identity is nondiverse if and only if it is a consequence of the identities
PROOF.(i)Supposethateveryidentityin isnondiverse.Then canonlycontain permutation identities and identities formed by nonsimple words. It is then easy to show that no diverse identity can be a consequence of .
(ii)Sincetheidentities(4)arenondiverse,itfollowsfrompart(i)thatany consequenceof(4)isanondiverseidentity.Conversely,letu≈vbeanynondiverse 68E.W.H.Lee identity.Itisclearthatanypermutationidentityisaconsequenceoftheidentities (4) . Therefore, it suffices to assume that both u and v are nonsimple words, whence u = w 1 xw 2 xw 3 and v = w 4 yw 5 yw 6 for some letters x, y ∈ X and some possibly empty words w 1 , . . . , w 6 . Since
satisfies the ascending chain condition. Then V is a finitely generated variety.
PROOF.Foreachn≥1,letV n be the variety generated by the V-free semigroup over n letters. The varieties in the chain V 1 ⊆ V 2 ⊆ · · · are finitely generated because V is locally finite. Since L(V) satisfies the ascending chain condition, there exists some m ≥ 1 such that
PROPOSITION3.3.Thefollowingstatementsonaset ofidentitiesareequivalent:
(a) the variety B 0 is small; (b) the variety B 0 is finitely generated; (c) the set contains some diverse identity.
PROOF.RecallfromLemma2.1(i)thatthevariety B 0 isdefinedbytheidentities(1) and
(a) implies (b). Since A 2 is a finitely generated variety, all its subvarieties are locally finite. Therefore, if the variety B 0 is small, then it is also finitely generated by Lemma3.2.
(b) implies (c). Suppose that the variety B 0 is generated by a finite semigroup S of order n. Let
2 s 3 and z 1 · · · z n = t 1 t 2 2 t 3 . Since
the diverse identity x 1 ···x n yz 1 ···z n ≈x 1 ···x n y 2 z 1 ···z n is satisfied by the semigroupSandsoisaconsequenceoftheidentities{(1),(5)}∪ thatdefine the variety B 0 .ItfollowsfromLemma3.1(i)thatsomeidentityin{ (1), (5)}∪ is diverse.Sinceeveryidentityin{(1),(5)}isnondiverse, mustcontainsomediverse identity.
(c) implies (a). Suppose that contains some diverse identity
By [16] ,anyvarietythatsatisfiessomediverseidentityandsomepermutationidentity is small. Therefore, in order to show that the variety B 0 is small, it suffices to show that it satisfies some permutation identity. By symmetry, there are two cases to consider.
CASE1.uissimpleandvisnonsimple.Thenv=v 0 n i=1 (yv i ) for some possibly empty words v 0 , . . . , v n with n ≥ 2 and some letter y from
Denote by ϕ and χ the substitutions y → x 1 x 2 x 3 x 4 and y → x 1 x 3 x 2 x 4 , respectively. Then uϕ ≈ uχ is clearly a permutation identity. Since
the variety B 0 satisfies the identity uϕ ≈ uχ.
Then uy ≈ vy is a diverse identity where uy is simple and vy is nonsimple. Repeat the argument in Case 1.1 on uy ≈ vy to obtain a permutation identity that is satisfied by the variety B 0 .
CASE2.uandvaresimple.Withoutlossofgenerality,assumethatx∈C(v)\C(u).
Then ux ≈ vx is a diverse identity where ux is simple and vx is nonsimple. Repeat the argument in Case 1 on ux ≈ vx to obtain a permutation identity that is satisfied by the variety B 0 . 2
Let M be the variety generated by the monoid a : a 3 = a 2 ∪ {1} and N be the varietydefinedbytheidentities(4). (ii) It is well known and easy to show that the variety M is defined by the identitiesx 3 ≈x 2 andxy≈yx(see,forexample,[1,Corollary6.1.5]).Itisthen routine to verify that A 2 ∩ M = B 0 {x y ≈ yx}; this variety is nonfinitely generated by Proposition3.3.2
4.Theidentities n|and|n
Let ω be the least infinite ordinal and ω = ω + 1 be its successor. For any n from {0, 1, 2, . . . , ω, ω}, define the identities
where
Note that the words h (0) and t (0) are empty. 
Therefore, part (i) holds. Part (ii) follows by symmetry. 2 Let L 0 be the variety of trivial semigroups and for each n ∈ {1, 2, . . .}, let L n be the subvariety of A 2 defined by the identity
It is easy to show that the variety L n does not contain the semigroup B 0 and so belongs to the interval I 5 .Theidentityλ n isdiversesothatbyProposition3.3,thevarietyL n is both finitely generated and small. For each n < ω, let R n be the variety that is the symmetrical dual of L n . Similarly, R n is a finitely generated and small variety in the interval I 5 .
Consequently, the inclusions L m ⊂ L n and R m ⊂ R n hold and are strict. 
The semigroup P was brought to the author's attention by Volkov and the semigroup Q appearedin [14] asLC 0 . Let P and Q be the varieties generated by the semigroups P and Q, respectively.
LEMMA4.4. (i)
(ii) P ∈ A 0 ∩ B 2 , P { ω|, |0 }, and P ω|. (iii) Q ∈ B 2 , Q |0 , and Q ω|.
The variety PROOF.Therearefourcasesdependingonthevalueofi.
CASE1.i=1sothatE i = A 2 .Itfollowsfrom[11,proofofProposition3.14]thatif V ∈ I 1 , then V = A 2 for some set that contains some of the following identities:
It is easy to show that within the equational theory of A 2 ,thefirstidentityin(6) isequivalentto |independentofthevalueofr,andthesecondidentityin (6)is equivalentto|r independentofthevalueof .ItfollowsfromLemma4.1thatthe set canbechosentobeasubsetof{ |,|r }forsome ,r≤ ω.
CASE2.i=2.Theargumentsin[11,proofofProposition3.14]canberepeatedfor varieties in I 2 . Therefore, the present case can be similarly established.
CASE3.i=3sothatE i = A 0 .Itfollowsfrom [11, proofofProposition4.3] that if V ∈ I 3 , then V = A 0 ∩ V for some variety V ∈ I 1 . It follows from Case 1 that V = A 2 forsome ⊆{ |,|r }with ,r≤ ω.Therefore,V= A 0 ∩ A 2 = A 0 as required.
CASE4.i=4sothatE i = A 0 ∩ B 2 .Following [11, proofofProposition4.3] ,if V ∈ I 4 , then V = A 0 ∩ B 2 ∩ V for some variety V ∈ I 2 . It follows from Case 2 that V = B 2 for some ⊆ { |, |r } with , r ≤ ω. Therefore,
For the rest of this paper, it will be convenient to let
where ,r≤ ωandE i is the largest variety in the interval I i with i ∈ {1, 2, 3, 4}. (ii)Itfollowsfrom[14,Remark4.1]thatA 0 = A 2 {x yx y ≈ yx yx}. It is routine to show that the semigroup A 0 satisfies the identities x y 2 x ≈ x yx, 0|, and |0 so that the inclusion A 0 ⊆ 0, 0 2 holds; the reverse inclusion holds since In every figure in this section, each • represents a finitely generated variety and each ⊗ represents a nonfinitely generated variety. , 0 4 for all < ω. If the variety ω, 0 4 is generated bysomefinitesemigroupSofordern,thenS n|byLemma4.2(i)sothatthe inclusion ω, 0 4 ⊆ n, 0 4 contradictorily holds. Therefore, the variety ω, 0 4 must benonfinitelygenerated.Sincethesubsemigroup{0,b,c,d}ofPisisomorphictoB 0 , itfollowsfromLemma4.4(ii)thatB 0 ⊆ P ⊆ |0 4 and P ω, 0 4 . Hence, |0 4 = P is finitely generated.
Consequently,thevarietiesin (7)aredistinctand,withtheexceptionof ω,0 4 , are finitely generated. By symmetry, the varieties in the chain
are distinct and, with the exception of 0, ω 4 , are finitely generated. It is routine to showthatvarietiesoftheformU∨V,whereUisfrom (7)andVisfrom (8) 
isfinitelygenerated.RecallthatintheproofofProposition5.1,itwasshown that |0 4 =P.Inthepresentcase,thevarietyB 2 ∨Pshouldbeusedinstead.It followsfromLemma4.4(ii)thatB 2 ∨ P ⊆ |0 3 and B 2 ∨ P ω, 0 3 . Therefore, the locations of these varieties within the lattice I 2 areshowninFigure3.Itremains toverifythatthevarietiesinFigure3aredistinctandidentifythosethatarefinitely generated. Consider the chain
inFigure3.FollowingtheargumentsintheproofofProposition5.1,thevarieties 0, 0 2 , 1, 0 2 , . . . are distinct and finitely generated, and the variety ω, 0 2 is nonfinitelygenerated.ItfollowsfromLemma4.4(ii)thatA 0 ⊆A 0 ∨P⊆ ω,0 2 and A 0 ∨P ω,0 2 .Hence, ω,0 2 =A 0 ∨Pisfinitelygenerated.Sincethe subsemigroup {0, a, b, c} of Q is isomorphic to A 0 ,itfollowsfromLemma4.4(iii) that A 0 ⊆Q⊆|0 2 andQ ω,0 2 .Therefore,|0 2 =Qisfinitelygenerated. Consequently,thevarietiesin(10)aredistinctand,withtheexceptionof ω,0 2 , are finitely generated. By symmetry, the varieties in the chain
are distinct and, with the exception of 0, ω 2 , are finitely generated. The rest of the presentprooffollowsinthesamemannerastheproofofProposition5.1.2 PROPOSITION5.4.ThevarietiesintheintervalI 1 areshowninFigure4. PROOF.(i)Thevariety B 2 contains the semigroup A 0 and so is not a subvariety of A 0 . ItfollowsfromLemmas2.1(ii)and2.3thatwithinthelatticeL(A 2 ), the variety B 2 can onlybecoveredbysomevarietyfromtheintervalI 1 . The inclusion B 2 ⊆ A 2 follows fromLemma2.1(ii).Sincethevariety B 2 isself-dualbyLemma2.1(i),itdoesnot satisfytheidentities ω|and| ω byLemma4.4(iii).ItfollowsfromProposition5.4 that B 2 is not contained in any proper subvariety of A 2 in I 1 , whence A 2 is the only subvariety of A 2 that covers B 2 .
(ii) The variety A 0 containsthesemigroupB 2 andsoisnotasubvarietyof B 2 . ItfollowsfromLemmas2.1(ii)and2.3thatwithinthelatticeL(A 2 ), the variety A 0 can only be covered by some variety from I 1 . The inclusion A 0 ⊆ ω, ω 1 follows from 78E.W.H.Lee Lemmas2.1(ii)and4.4(i).Sincethevariety A 0 isself-dualbyLemma2.1(i),itdoes notsatisfytheidentities ω|and|ω byLemma4.4(ii).ItfollowsfromProposition5.4 that A 0 is not contained in any proper subvariety of ω, ω 1 in I 1 , whence ω, ω 1 is the only subvariety of A 2 that covers A 0 .
(iii) The variety A 0 ∩ B 2 contains the semigroup B 0 and so is not a subvariety of B 0 .ItfollowsfromLemmas2.1(ii)and2.3thatwithinthelatticeL(A 2 ),the variety A 0 ∩ B 2 can only be covered by some variety from I 1 ∪ I 2 ∪ I 3 . If A 0 ∩ B 2 is a subvariety of some variety V in I 1 , then A 0 ∩ B 2 is a subvariety of V ∩ B 2 in I 2 . Therefore, A 0 ∩ B 2 can only be covered by some variety from I 2 ∪ I 3 . The inclusion A 0 ∩ B 2 ⊆ ω, ω 2 followsfromLemmas2.1(ii)and4.4(i),andthe inclusion A 0 ∩ B 2 ⊆ A 0 holds vacuously. Since the variety A 0 ∩ B 2 is self-dual by Lemma2.1(i),itdoesnotsatisfytheidentities ω|and|ω byLemma4.4(ii).It followsfromPropositions5.2and5.3thatthevariety A 0 ∩ B 2 is neither contained inanypropersubvarietyof ω, ω 2 in I 2 nor contained in any proper subvariety of A 0 in I 3 ,whence ω, ω 2 and A 0 are the only subvarieties of A 2 that cover A 0 ∩ B 2 . 
PROOF.Theinclusionsinpart(i)havebeenestablishedinFigure1.Ithasbeenshown intheproofofProposition5.1that|0 4 = P and n, 0 4 = B 0 ∨ L n for any n < ω.
6.ThewordproblemsofB 0 , ω,0 4 ,and|0 4 Any words w 1 , . . . , w n are said to be disjoint if the sets C(w 1 ), . . . , C(w n ) are pairwise disjoint. A word of length at least 2 is connected if it cannot be written as a product of two disjoint nonempty words. Any word u can be uniquely written in natural form, that is, PROOF.Thisfollowsfromtheproofofpart3ofthefirstpropositionin [4] .2
The head and tail of a word w, denoted by h(w) and t(w), are the first and last letters occurring in w, respectively.
with C(u i ) = C(v i ) for all i when u and v are written in natural form. Then PROOF.(i)Supposethath(u j ) = h(v j ) for some j. Let ϕ be the following substitution into the semigroup P of |0 4 : Therefore, P u ≈ v, whence |0 4 u≈vbyCorollary5.6(iii). Conversely, suppose that h(u i ) = h(v i ) for all i. The variety |0 4 is a subvariety of B 2 andsosatisfiestheidentities(2).ItisroutinetoshowthatthesemigroupPsatisfies the identities x
sothatbyCorollary5.6(iii),thevariety|0 4 also satisfies these identities. Therefore, in order to show that |0 4 u ≈ v, it suffices to show that every
Let χ be the substitution x → x 2 for all x ∈ X . Since u i is product of connected words, any simple letter in u i must occur in some factor of u i that begins and ends with a common letter. It follows that the identity u i ≈ u i χ is a consequence of the identities (2) .Sinceu i χ is a word over {x 2 1 ,...,x 2 k }thatbeginswithx 2 1 ,itiseasyto show that the identity u i χ ≈ x 2 1 ···x 2 k isaconsequenceoftheidentities (11) .Hence, the identity u i ≈ x 2 1 ···x 2 k isaconsequenceoftheidentities{(2),(11)}.Bythesame argument, the identity v i ≈ x 2 1 ···x 2 k isalsoaconsequenceoftheidentities{(2),(11)}. Therefore, the identity u i ≈v i isaconsequenceoftheidentities{(2),(11)}asrequired.
(
Conversely, suppose that h(u 1 ) = h(v 1 ) = h. Let n ∈ {1, 2, . . .}. Since u 1 is a product of connected words, the letter h is nonsimple in u 1 so that the identity u 1 ≈h n u 1 isaconsequenceoftheidentities(2).Similarly,theidentityv 1 ≈h n v 1 isalsoaconsequenceoftheidentities(2).Since
The variety L n , being a subvariety of B 0 ,mustsatisfytheidentities(2)andsoalsotheidentityu≈v.Since n ∈ {1, 2, . . .} is arbitrary, every variety L n satisfies the identity u ≈ v. It follows from Corollary5.6(ii)that ω,0 4 u ≈ v. w 1 ), . . . , G(w m )) of strongly connected components of G(w).
Tarjan [24] demonstratedthatdecomposingadirectedgraphG=(V,E)into its strongly connected components is a problem with complexity O(|V | + |E|).
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For the directed graph G(w), the numbers of vertices and edges are bounded by |w|. Therefore, finding the canonical decomposition of a word w is a problem with complexity O(|w|). Once a canonical decomposition w = w 1 · · · w m is obtained, writing w in natural form amounts to gathering consecutive factors from w 1 , . . . , w m of length 1 into simple words and gathering consecutive factors that are connected. Consequently, writing a word w in natural form is a problem with complexity O(|w|). 
7.Proofsofthemainresults
Let F and S be the sets of subvarieties of A 2 that are finitely generated and small, respectively. LEMMA7.1.S=F∩I 5 .
PROOF.Allvarietiesintheinterval[B 0 , A 2 ] are nonsmall since the variety B 0 is nonsmall [9] .Therefore,theinclusionS⊆I 5 holds and the present lemma follows fromProposition3.3.2 PROOFOFTHEOREMA.(i)TheinclusionS⊆FfollowsfromLemma7.1.This inclusion is strict since every finitely generated subvariety in the interval [B 0 , A 2 ] is nonsmall.
(ii) Suppose that U, V ∈ F. If U, V ∈ [B 0 ,A 2 ],thenbyreferringtoFigure5,it is easy to see that U ∩ V ∈ F. If either U or V belongs to I 5 , say U ∈ I 5 , then U ∈ F ∩ I 5 =SbyLemma7.1sothatU∩V∈S=F∩I 5 .Hence,U∩V∈Fin anycase.ItisclearthatU∨V∈FsothatFisalattice.ByCorollary5.6(ii),the nonfinitely generated variety ω, 0 4 is the complete join of infinitely many finitely generatedvarieties.Hence,thelatticeFisincomplete.
(iii) Since S = F ∩ I 5 byLemma7.1andFisalatticebypart(ii),thesetSisa lattice. The complete join S contains the varieties L 0 , L 1 , . . . and so is nonsmall byLemma4. 
